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①(a)

span (510, k , < 1
,
1
,
73
, 273)

= 34 ,
20, k + 44, k + 36 3 ,2)) ese

I'veexample rectors in the above span'

1 . 20,1 + 1 . <
,
k + 1 . 73,=

0 - (
,
1 + 0 . 4 , k

+ 0 . ( 3
,
2=

10 . 90, 17 + 441 ,
k + 0. 3, +

0 . cu
,
1 + 1 . 7 , 17

- 5 . < - 3
,2)
E

2 . [0 , 1
- 1 . 4

,
k + 1 . ( 3 ,2 = (

- 4
,
37



(b)

soun (240, - 2 , 2 , <1 , 3 ,
- k3)

= &4 ,
(0
,
- 2
,
2) + 2(1 , 3 ,

- K(4 ,2 + 1)

I'veexample rectors in the above span'

0 . 90, -2 ,27 +
0 : 2 , 3 ,-1=

1 . <0 ,
- 2
,2) +

0 . 4
,
3
,

- 1=

o . <
,
- 2
,
27 + 1 . 4 , 3 ,

- 1=

-(4,
- 2 ,
27 - 24 ,

3
,

-1=

5 . 30 ,
- 2
,
27 + 1 . < ,

5
,

- 1+



④(c)

span(d2 , 1 + x 3)

= & 4 . 2 + c
. (1 + x)/c , c are real 3numbers

I'veexample rectors in the above span'

0 . 2 + 0 . (1 + x)=

12 + 0 . (1 + x) =E
Et + Ex

\

0 . 2 + y(1 + x)
=

E
(t)0 + π

. (1 + x)
= ( 1 +π)

+ πX

10 . 2 - 10
. (1+x)=



④(d)

span (5-1-2x , x2, 1+ x + x 23)

=Sc , ) 1 - x) + G(x2) + (((+ x + xY)4 , 4 ,3 tM)

I'veexample rectors in the above span'

W
1 . 1 - 2x) +

0 . X + 0 . (1 + x + xY
=
- 1-2x

EX
-( 1 -2x) + 1 . x

2
- 1 . )(+ x + x4

=

Ez

2 . 71 -2x
- 2 .x + 16H x

+x =
- 1 - 3x

- x

4( - 1 -2x) +
0 . x2 + 0 . (1+ x

+ x)=

0 . 51 -2x +
5 . x - 5 . (+ x +xy-



②(a)
We want to know if we can write

<,,2 = c
,
(0 ,

- 4
,
2) + c (1 , 3 ,

-1

-
4 +c

Let's see ,

The above equation
becomes :

< n , 2 ,2)
= <Ce ,

-2
,
+ 32 , 24

- c)

Now equate each
component to get

2 = Let's see if
E

We can
solvec E-

this system
2 =
2 - <

(3
--(

tier,(t*

I I
R
,
< Rs

(
2
- 1

I ->2
->

2 - 1 I - Yz I

2 -
can in (b) in (d I (

02 4



- 2Rc+ Rs + Rs (-2->
So we have

4
-Ec =

② gives C
=
2

C = 2 & O gives c
= ItECGo = 1 + -(2) = 2

0 = 0

Thus ,

(2 , 2 , 2)
= 2 . [0 , - 2 ,2)

+ 2 . (1 , 3 ,
- 1

->

= 2
. + 2 v

Se ,

<, 2 , 27
is in the span

ofis and



②(b)
We want to know if we can write

< 3
,

1
,
5 = c

,
(0 ,

- 4
,
2) + <1 ,

3
,

-1

Let's see ,

The above equation
becomes :

< 3 , 1
,
5 = (c ,

-2
,
+ 32 , 2 ,

- c)

Now equate each
component to get

Let's see if
&Etc eEi
= 2

- <2
Weconsolew

*

flife i
R[

Linin((iii) e



- 2R2tRstRs
I - 2)

-> (.. /O O

So we have

4
-+x = 5/2 ④

② gives (
= 3

C =
3 & O gives c

=
SttCE = 9/ + =(3)

o = 0

= 8/2 = 4

Thus ,

(2 , 2 , 2)
= 4 . [0 , - 2 ,2)

+ 3 . (1 , 3 ,
- K

= 4 + 3

Se ,

<, 2 , 27
is in the span

ofis and



②()
We want to know if we can write

< 0
,
4
,
5 = c

,
(0 ,

- 4
,
2) + <1 ,

3
,

-1

Let's see ,

The above equation
becomes :

(8 , 4,s
= (c ,

-2
,
+ 32 , 2 ,

- c)

Now equate each
component to get

Let's see ifEtc eEWe can solve-i = 2 - <2 this system

*

( (
ter,(ER

,
< Rs ->

(sli- e
5/2

& O ->

can in (b)e (b
*

I (29
O



- 2R2tRstRs
1
-
z 9/2

-> ( o . /O O 9

So we have

4
-Ex = S

- =0o #o = 9 * This last equation
o = 9

shows that the
system

has no solutions

Thus , there is no solution
to

[0 , 4 ,5)
= 4 . [0 , - 2 ,2)

+ 4.(1 , 3 ,
- K

I c+

< 0
,
4 ,57

is not in the

-
-

spar of
I and v

.



& (d) You can proceed as in the

previous problems, but this one is

easy to solve
.

We have

<0, 0, 0 = 0 . 20 , -
2
,
2 + 0. 1

,
3
,

-K

= 0 . + 0 .

Thus, 20,
0
,
07 is in the

span of i and
E

.



③(a)
We want to know if we can write

-

3 + 2x + x + 2x = C, + C2
+EPs

= 4(2 + x + 4x4 + ((l - x + 3x2)
+ 441 + x2)

This simplifies to

3+
El +-As
=

Now equate the coefficients
of both

sides to get :

3 =
2c ,

+ 2 + 23

Now we
must

2
= c

- C2

see if thisWE1 =
4

,
+ 32 E

system has
not

=
Cz

a solution or
Z



& I I

( - I( 2 · I)Pe(iiie3

00 I
2

- 2 R
,
+ R2+ Ra

(->·- YR , + Rs
+ R3 O

R2< Rs 7 O I O
- I

-↑
Z

(!
-

i
2

I< 0 7 0
-

3 I
- I

- I
① 3 Z

W

(
- 3Rc+ Rs + Rs I ·.

G ↳

->

O 01

R
+R(ii) as·

O o 0 ,
0



The reduced system is

- Cz =2 Q
Cz =

- I ②#↳ = 2 ③

We get the solution

C = 2

c = - 1Ec = 2 +2 = 2 - 1 = 1

Thus
,

3 + 2x +x +2x = 1. -L. + 2 .P

So,

3 + 2x +
x+ 2x" is in the spac

ofisE , Ps



③(b)
We want to know if we can write

-

I + x = 4+2
+ &Ps

1 + 1 . x + 0 . x - 04= 4(2 + x + 4x4 + G(l
- x + 3x2) + G41 + x2)~

+

This simplifies to

3+Elthxi
I

Now equate the coefficients
of both

sides to get :

- 2c ,
+ 2 + c

I -
Now we

must

I = C
- C

see if this↳E0 = 4, +3
E

system has
not

O = a solution or



21 1 - 1 O i
( - I U

1( 4 30 I j)i (oil:3

00 I O

-> O
- 2 R

,
+ R2+ Ra!- YR , + Rs

+ R3 (
164)20t ( ent (oi0fteO

yo y 3

① 3 I

W ⑤ &

( - 1 O

-3R+ Rs + Rs
↳
-> I· it
R

+R(ii ->· O

O O



The reduced system is

Cz OErn3 = 5/7

0 =
-3/ ④7

Equation is 0 = -97 .

Which isn't true ,

Hence the system has no
solutions .

Thus
,

3 + 2x +x +2x = c. 2.
+ .P

cannot be solved
for ,

22
, 43 .

So,
not in the

3 + 2x +
x+ 2x is -

spar
of Esp , Ps



③(c)

We have that

O = 0 . 5, + 0 .% + O

Thus
,

O is in the span
of

, , Ps -



③(d)
We want to know if we can write

-

4- xH042 = C,+2
+ &Ps

4 - x + 12x2 = 4(2 + x + 4x4 + ((l - x + 3x2)
+ 441 + x2)

This simplifies to

3tel+Exis
i

-=
Now equate the coefficients

of both

sides to get :

H - 2c ,
+ 2 + c

-

Now we
must

- = c
- C2

see if thisWE10
= 4 ,

+ 3C E
system has

not
④ =

Cz
a solution or



& 1

( - I U( is office(iii
- 2 R

,
+ R2+ Ra

(->!- YR , + Rs
+ R3 O

->1)'Folite Erik000 jo< O

①

o O

( - 1 O

- 3Rc+ Rs + Rs
↳ 1
-> I ·.00
R

+R(ot·

O



The reduced system is

- Cz =- - Q

oO ③

We get the solution

C = 0

c = ZEc = 1 +2 = 1 + 2 = 1

Thus
,

4 - x + 10x2 = 1 . - +2. + 0 :

So,

4-x + 1042 is in the spac

ofisE , Ps



④ (a) We must solve the equation

+ z
= T

This is equivalent to

4, 1 -K
+ (2 , k

= 20,0)

This becomes

44, -4 + 22(2 /2)
= Co

,
oh

which is

<attent
= <0 ,0)

@
- ↳

This becomes

c + 2c
= 0E- + x
= 0

Solving We get :

1418( : 3 1
%) ( : ii)

(ii)
Thus , 0.5) &E 2 , = - 20) = 0

-
-

since the only
solution to c

,

+C M
= G

is 450 , C70
we know

that is <1 , -1,

->

uz= <2 , 1 are
linearly independent .



④ (b)*the long way
We must

find the solutions
to the equation

c + Un +i = T

This equation
becomes

43 ,
- 1 + 244 ,

5 + 344 ,7)
= (0 , 6)

This is equivalent
to

(3 ,-4)
+ (4c ,

52) + 74(3 ,
7(3) = (0,

0)

This is equivalent
to

att
= <0, 03

Thus
,

-4
= 0

Let's solve
this

- c + Sc
+ 76 = 0 system ,

8)**: ->(



- R
,
+ R

, (- /8)-->

intere (bi , i)
taRc + R2 ( ! -Fo->
So
,

we get : Leading
variables : < ,2

E Free variables:

O t

* c =Ac = - 14 tEsca+7Ex = Sc + 74 ->-- A + 7t

48
-

T
t



So,
+

cu ,
+2 +G = 0

can be solved by

(t) . i -(**) . i + ti = T

for any
to

In particular, say we set A
= 19 .

Then we get :

485 -172 + 19
=

.

Thus
,
i

,
is ae linearly dependent.

ethod2 -
The dimension of

M is 2
.

short way

have
more

than 2
rectors

This, if we

in I they
must be

linearly dependent
3

by a
theorem in class .

Since we
have

vectors in a
2-dimensional space,

Ents

are lin. dep .



④(

Consider the equation

p + an +c = 8
.

The above equation
becomes

47 3 , 0 ,4
+ c(5 ,

- 1
,
2) + G(1 , 1

,
3) = 30, 0, 0

which is equivalent to

(-3 , 0 ,44) + (5( ,
- 4

,
z(n) + (( ,3 ,3)

= 20,0,0)

which becomes

-se
+36 = 70,00

↳
which is equivalent

to

:
Let's solve this system.



- 3 S I ⑳

I O - I ( IO ((b oe
↳ 2 30 2

- 9/3
- 1 O

- YR
,
+ Ry -Rs
->  . & I O (

O ↳ B ↳

-R+ R2 (
1
-

5:18)- ② I

3Rs + R3
O 26 13 ↳

&
- S/

- Y3
-26R2+ R3+ R3

- I O
- for 1

O 0
39 0

59 Rs - R3 (b
-

- ="p(0)-

O 0 I



This becomes

=
④

②

3
4 = 0 O

③ gives C
= 0

② gives (2
=2 = 0a= 5a + 5 9 = 510

+ 5 - 8 = 6

Thus
,

the only solution to
->

, +c + is
= 0

is G = 2
= < = 0 .

so ,
i sizes are

linearly

independent .



④ (d)

Consider the equation

+c+ P = T
.

If the only solution
to this equation is

then past are linearly
C = G = 23 = 0 ,

independent . If there
are more

solutions

-> ->

then i / P2 / Ps
one linearly dependent .

Let's see what happens.

The above equation
becomes

4(3 - (x + xY + (1 + x + xy)
+ 3(6 - 4x +2x)

2

= 0 + Ox
+ Ox

-
->

O

Grouping like
terms gives

= 0+Ox
+Oxits↳

Equating crefficients
gives

3c + 2 + 6c = 0 Let's solve thisEE
-2 + 2

- 4(3 = 0 & system ,

c + (
+2 = 0



3 ( 60

I-2 1 - Y I - I (2i oe
( ↑ 20

2R
,
+ R2 + Rz

(d's · I · (->- 3R ,
+ Ry + R3

O
-20 O

-RytRz (
I Z

& · (-> 0 I O

ERz + R3 O I

I
-R + R - RsJoj
-->

O G C
I O (

The reduced system
is:

Leading variables

4 + 4
+ 24

= 0
ara 4 ,

teEWG
O
I C &

Free variable
I ④

is 23



C3 = A (set fireriable)-230 Bac = 0WDc ,
= - c - 24

= 0 - 2t =
-2t

So
, -

(2t, + 0 .% + t . p = G

for every to

In Particular ,
for A = 1 we get

- 25 + 0 + 1 . 8 = .

Thus , iPass
are linearly

dependent .



④(e)

Consider the
equation

->

+Ent
= 0

which becomes
-

4(1 + a(l
+x) +G((

+ x +xY
= 0 +Ox

+Ox

j

Regrouping we get

Ox
+Ox

Equating crefficients
we get :

c, + C + (
= 0 Q already

E 3 reduced
2 + ( =0

c =0

solving we get
1 c=

- (
- ( =

- (0)-(0) = 0
④ 3 = 0 , 02

= - ( = - (d)
= 0O
-

Since the only solution
to c

, p ,+pet(s
= *

is <
,20, <2

= 0
, <3

= 0 We
know that

-I

Pi= 1 , 42
=HX , F= HX +x are linearly

independent .



⑤(a)
We want to check whether or

not the

vectors i = < 2 , 2 , 2) , =
= 4

,
1 , 2),

is = 0
,
1 / 1) are linearly

independent

or linearly dependent
in R
.

We want
to solve
->stunt s=

for ,
2 , 3 .

Suppose,

, 2 ,2
+ C44 , 1

,
2 + 420, 1 , 1

= 20, 0,0

Then ,

< 2 +c ,
24 +
G + ( ,
2

,
+ 22 +4)

= (0
,

0
,
0)

which becomes

2c
,
+4
*

Let's try toE E2 + x + 4
= 0 solve this

system
2 + 2( +(

= 0

↓



2 4 - ER ,
- R ,

( Z I I I I-> (i iii)Z Z I -
2210

& 2 O

- IR
,
+ Ru+ Ra

·
--)->- 2R , + R3+ Ry (0-3 I

- 5R2fRz I-> (8i %o
zRz+ Ry+ Rs · ->

- (si is)0(aer I!O O Y3 O

The reduced system is

which gives
= 0

2
- 5G = 0 2

= 54 = 5
. 0 = G= 4 =

-22 =
- 2 . 0 = 0 .

C = 0

Thector, ii ,is are linearly
independent
in IR? .



⑤ (b) Same method as in 4(a) .

Suppose

*
- 1
,
3) +2(4 , 1 ,2)

+ 3(8 , - 1
,
8) = 20,0,0)

+ z
+ s

= T

We want
to solve for < ,C,

This equation
becomes

< 24
- 4 , x, +

(4(z , (n ,
2(n) + (83 ,

-

C ,8)
= (0
,
0
,
0)

This becomes

(2 + 44
+ 86 ,

- 4 + G
- ( ,
3

,
+ 22+89) = (0, 0,0)

Which gives us
the system

:

2c ,
+ 4x + 8

= G

= U

- c
,
+ (2

- C#3 + 22
+ 83

= 0

Let's solve
the system

4

·

3
I
O

(! 1(480 "'To ·Z

O

R +R2- R2 (53. ->->
-> R , +Rs+ Rs O

1 ·(



5 R2+ Ra

(
↓ Z 4

I
O

-- 0 ( I 8

O
- 4 - 4

4Rz + Ry+ Rs

(iii %-> ⑱ O O

The reduced system is :

E
leading variables : c , [2

4 +2 +Yo free variable : <s

0 = 0

This gives :

c, =
-2 -4Q

C
= - C ②EC = A ③

Thus ,
③ = t

② = - C = - t

04 = -2 -4 = - 2(- t) - 4t = -2t



the solution is :

·- can be any
c = - t h

3 = t
real

For example, A = 1 gives 4= -2, = -, 3= 1 .

Thus , plugging into the original equation gives

#
- 1
,
3) - 1 . (4 , 1 ,2)

+ 1 . (8 , - 1
,
8) = <0,0,0)

->

1-1. +lov=

Thus, i = (2 , - 1
,
3)
,

= (4 , 1 , 27,= 28 ,
- 1
,
87

are linearly dependent.



⑥ (a) In problem 5(a) We showed that

i = <2 , 2 ,2), 2
= (4 , 1 ,2), s

= (0 , 1 , k

are linearly independent
.

Since we have
3 linearly independent E

vectors in a 3-dimensional space V
= IR

,

by a theorem
in classWe know

vie ,
is must span M and thus

be a
basis for VIIR3.

-

8 (b) In Problem 5(b) we showed that

i = (2,
- 1
,
3, 2= (4 , 1

,
2, = (8 , - 1 ,8)

are
linearly dependent .

Thus , I ,
vssis are not a

basis

for V = IR .



⑦ (a) Since R has dimension 3
,

We need 3 rectors to have a

basis for IR .

Thus
,
i = <4

,
1
,
22
/

- = 7 4
,
10
,
27 are not a

basis for R .

-rectors
⑦(b) By problem 4(

the

- = 7 3
,
0
,
47,2= (5 ,

- 1
,
2, = (1 , 1

,
3)

are linearly
independent .

Since we have
3 linearly independent
->

Vectors is Va , Vs
in a

vector space

3

IR of dimension
3
,

by a
theorem

R and

in class they must span

hence are a basis
for R.



⑦ (c) Since R has dimension 3
&

We need exactly
3 vectors to have a

basis for IR .

Thus
,
& = 7 2

,
0
,
/V
/

->

- = (3 , 2 , 5), 5
= <6 , - 1

,
17
, v

= (7
,
0
,

-2)

are not a
basis for IR3

.

We

have too many
vectors ,

could also
just directly

show

You linearly
that these 4 vectors as

[ ]
dependendent

and hence not

a basis
for IR3.



⑧(a)
The dimension of P2 is 2 + 1 = 3

,

In problem 4(2) We showed that

j = 1, = 1 x , p = x+ x2

are linearly independent
.

Thus
,
by a theorem in class ,

since we
have 3 linearly

independent vectors
in a

3-dimensional

PaceVIPL,we
know ta

form a basis
for V = P2.



⑧ (b) Same idea as 8(a) .

The dimension of P2 is 2 + 1 = 3
,

Thus
,

since we have
3 rectors,

the rectors

i = 6 - x2
,

= 1 + x + 4x), j = 8 + 2x+
7x2

will be
a basis

if and only if

they are
linearly independent

.

Consider the
equation

->

+Ent
= 0

which becomes

4(6x
+ 4(( +x

+ 4xy + G(8
+ 2x +

7xY = 0 + Ox+
Ox

like terms
gives

Grouping

(64 + G +8(3)
+(attx +Ox
- E
-

Equating coefficients
gives

64 + 2 + 86
= 0

&o ·oleisten( + 2(
= 0

- c
, + 4(2 +7(

= 0



(
6 I I ( #(48)., %

61
-

1 47 1 8

1 - 4
- R ,
- ,T Con

- bR
,
+ Ry + Rs
-> 1 oo

O

O

- ISRc + Ry + Rs
I - 4 - 7

-

-> ( ( z I O (O W C

The reduced system is :

4
- 4x - 74

= 0 Leading variables
: < ,
C

O
8 + 26 = 0 Free variable
:WC2

o = 0

: c
= t

c =
- 23 =

- 2t#4 = 4 + 76 = 46(t)
+ 7t =

-t



Therefore,

(-t)π
,

+ (2t)π + (t)π = 0

for any to

For example , if t
= 1
,
then

->

- q -2 + j = 0

Thos
,
is 52 ,

is me linearly dependent

and hence are not a basis

for P2 -



④(a)

Let's show that the vectors

< 1
,
47, <

3
,
-2) are linearly

independent .

Consider the equation

4 ,
4) + c(3 ,

-2) = 20 , 07 .

This becomes

( + 34 ,
44 -
2) = 20,

07

which is equivalent
to

=
0

4 -22 = 0

Let's solve
this .

- YR ,
+ Ry+R2

(42/8
-> (iii)

name (3) (8) .

the reduced system is

4+32
= 0 = whichgives -3 = 0

.Ecz = 0



Thus
,
the only solution is c = 2 = 0 .

Thus
,
< 1
,

47
,
< 3
,
-27 me linearly independent.

Since I has dimension Z
d
and we

have 2 linearly independent
rectors

,
we can

that <1, 4), < 3 , -2)
are a

basis
conclude for R2
--

⑨(b) Wa must solve

77, 14)
= 4( , 4) +

2(3 , -2)

which becomes

77
,
143 = 24

+ 32 ,
44 - 2c7

which
becomes

- 7 = c
,
+3E14 = 4 - 2C2

Let's solve
this system :

(Enli
em : (b -nie)



(Pl)
So we get :

EisenC = - 3
-

c = -3Se
,

=
- 7 -3

=
- 7 - 37 3) = 2 .

c

↓

< +, 147
= 2 . < , 4) +

( 3)(3,
-2)

Thuse

-So
,
the coordinates

of 57 ,
147 with

respect to
the ordered

basis

B = 2
<1
,
47, <3 ,

- 27] me

[- 7, 147 +
= 72 ,

- 37



④()

We want to
solve

< 3 , - 12)
=c ,

4) + C, 3 ,
-2)

which becomes

(3
,

-1) = (4
+ 3(n ,

4 ,

-
2)

which is equivalent
to

3 = c , +
32[

systems
Let's solve

this

(i-2)-Jame(byf33

=



< 3 , - 12)
=(( , 4) + (i)

. <3 ,
-2)

Thus
,

-So
,
the coordinates

of(3 ,
-127 with

respect to
the ordered

basis

B = 2
<1
,
47, <3 ,

- 27] me

[3 ,

-12) = >,



⑩ (a)

Letvs show that the
rectors

are
linearly independent

.

Consider
the equation

< (ii) + (i)
+ 4(8 ; ) +4(i)

= (d)

This becomes

(
ita) = 18
(2 + (4

coefficients gives
Equating

c + Cz Let's solve

C2
- Cy

= 0
this systemE= O

+ (4
<
2

+ (3
=

4



& 10

O & O - I

(... R

o - 8O ↓ ② &

-100↳

I 10 08
- Rz + R3

+ R3
1

- I

-> O Z O

R2 + Ry - Ry (i O

↓ - I I O (
o O

o O

1
R3 + Ry (

O
O

o
- 1 1 : (- &

O &
- I

O

O
0 Z O

, ,
⑤ 8t Ry + Ru ( 10
- I (-

o 1
- 1 ↳

o U 01
O

This becomes : C+
- Cy
= 0ECz

C - dy
= O -

Cy = 0



Solving gives Cy = 0 , C
= Cy = 0

C2 = C = 0
,
and c =

- C = - 0
= 0

,

Thus , c = c = = C = 0 is the

only solution.

So
,
the reators

Lobelishi ,Li
are linearly independent

.

4 of them
and the

Since there are

dimension of Mage is 4
,

they form
a
basis for Maz



⑩ (b) We need to solve

(b = ) = x(bi) + a(i0) + 3(8))
+ 4)%

which becomes

Cz
- C4

(b=3) =(4 +

which is equivalent
to

c + Cz Let's solve

C2 this systemEi+ (y
= 0

<
2

=
- 3

+ (3
4



& 1 - I I
O & e 10( % ( ...O G I O

10 10 ↳ -10

I 10
o I

- Rz + R3
+ R3

I -
- I -2

-> O Z(i O lis (R2 + Ry - Ry
oo

l

R3 + Ry (
I

O

W

O

:(- 0 O &
O

0 Z

I O

t Ry + Ru 10
-

( i)- O 1
- 1

o U 8

This becomes : C+
- Cy
=
- 2ECz
=
- 6 -

C - dy
Cy = I



Solving this system gives

1 > G
= - 6 + (y =

- 6 + 1 = - S

Ca =

G =
- 2 + (y =

- 2 + 1 = - 1
,
and

4 = 1 - C = 1 - (- 1) = 2

Thus,

(: = ) = 2 . (ii) - 1 . (iv) - 5 . (89)

So
s

4 ( . (i

[ : =3)]p = <2 , 1,
- 3
, 17



⑩ (c) We need to solve

(ii) = x(bi) + c(i0) + 3(8))
+ 4)%

which becomes

Cz
- C4

a +44
+

(ii) = )x
+x

which is equivalent
to

i this systemi,

Let's solve

I
+ (4

<
2

I

+ (3
4



& 10 ?
O & O - I I

I O(... i (8
1.

:O G I O

↳
-10 - 2

- Rz + R3
+ R3 I

I -

R2 + Ry - Ry
· !
:-> (i O

Z

I W

R3 + Ry
- (↳

O

&

O:
O

O O

I O

t Ry + Ru ( ii)- O I

o U 8 I

Cz i -This becomes:C - dy
Cy =



Solving this system gives

Ca =
- I > G

= 2 + (y = 2
- 2 = 0

Cz = 4 + (y = 4 - 2
= 2

/
and

4 = 3
- C = 3

- 2 = 1
,

Thus,

(i) = 1 . (bi)2 . (iv) 0 . (8%)

So
s

4 (li
[ : "(]p = <1 , 2 , 0 ,-



⑪ (a) Le + B = [1, 1 + x
,

1 + x + x2]

We need to solve

1 - x + 2x2 = 4(1 + g(( + x) + G(( + x +
x

which is 2

3+4x + 2 x

I

Equating coefficients gives

1 = c ,
+ 2+ Q

in reduced form , soE 3
This system is already

- I = c+
we can solve it.

2 = ↳

We get C = 2
,
< = - - 3 =

- 1 - 2 =
- 3
.

4 = 1 - c
- 3 = 1 - ( - 3)

- 2 = 2 .

Thus
,

1 x + 2x =
2 . (1) - 3 . (1 + x)

+3 . ((+x + x

-
" -x + 2x3p = (2 ,

- 3
,
2)



⑪ (b) Le + B = [1, 1 + x
,

1 + x + x2]

We need to solve

x = 4(1 + G(( + x) + G(( + x +
x

which is

0 + 1x + 0 -x = (c ,
+ 2 + 3) + (c + ()x + cx2

*-E

Equating coefficients gives

0 = c ,
+ 2+ Q This system is already

it o 3 in reduced form , so

!
I

↳
we can solve it.

We get C = 0
,
c = 1 - 3 = 1 - 0 = /

4 = 0 - 2 - 3 = 0
- 1 - 0 =

- 1

Thus
,

x =- . (1) + b . (1 + x) + 0
. ((+x + x

So,
-

[x]p = < 1 , I , 07



⑭
I claim that

-Glob ,
Lobs hi , (i)

is a
basis for Ma.

then

If we show this
claim

Maz
has dimension

4
.

↑ spans
Ma,T350) be an

arbitrary element
of Ma

Then

( = (8)
+ (i) + ( : 8)

+ ( : 2)

= a(b)
+ b(j,) +x)

: 8) + 1(89)

Thus
,
every

element of Muse is in

the span of B = 51:8) , (80) , (i8) ,
(8il] -



linearlyindependent

Suppose that

4(! ) +4(j) + 4(40)
+ 4(8 ,) = (8)
~

Then

(ii) = (88)

So
,
c = 2

= C = C =
0 .

Thus
,

B =Glob ,
Lol , List ,

(i)3

is a linearly
independent

set

-

Since B is lin .

ind .

and Spans Man ,

3 is a
basis for Man .

I

Since i
have 4 elements,

Mc,

has dimension
4

.



⑬
Pa = Sao + 9 , x + a X++ anx2) Go

,an an EIR3

Claim : B = E1 , x ,
x ..., X43 is a basis

--

for Pro

anPe
-

= a + G ,

x + 4 ,
x + 1

+ anx

Le t ↑

be an
arbitrary

element of Pr .

Then

-

7 = a . + 4 ,
x + G2x ... +

anx

I

-
4 ..
1 + a , x

+ 42X2 + ... +
anx

-

p is in
the span

of

So, x23
B = 51 , x ,

x2 ....



isa linearly independent set of restors :

Suppose
that

8 . 7 + C . x + C . x+ + G .x = 0+ Ox +
04+ , + Ox
--

T

Then equating
coefficients gives

Co = 0 ,
C
,

= 0
,
C = 0

, ..,
C = 0.

2

Thus , B = [1,
x,
x 1,
x3 is a

linearly

independent
set of vectors

.

-

above ,
B = 51 , x ,

x2, ..., xn3

From the
for Pro Since B has

is a
basis

the dimension

n+ 1 elements
in it,

of Pn is n + 1
.


